We have calculated a discrete spectrum and found an exact analytical solution in the form of Meixner polynomials for the wave function of a thin gravitating shell in the Reissner-Nordström geometry. We show that there is no extreme state in the quantum spectrum of the gravitating shell, as in the case of extreme black hole.
relativity are known to be completely determined by one parameter, namely, the mass at spatial infinity. However, if we consider the Carter-Penrose diagram for an eternal Schwarzschild black hole (see the figure 1), which describes the global geometry of the manifold in question, then we will see that there exist two spatial infinities, the so-called regions R + and R − . Therefore, it can be assumed that the mass spectrum in the Schwarzschild metric of an eternal black hole can depend on two quantum numbers [4] .
Consider the dynamical equation that describes the evolution of a thin gravitating shell in the ReissnerNordström metric. This equation has a well known form (see, e. g., [5, 6] and [7] [8] [9] [10] ):
where σ in,out = ±1, m in , m out , Q in and Q out are, respectively, the black hole mass and charge inside and out side the shell; ρ = ρ(τ ) is the shell radius relative to an observer on the shell; and the dot over the function denotes a derivative with respect to the proper time τ of this observer. We will consider only a dust shell, then the function µ(ρ) = A/ρ 2 , where A > 0 is the constant of integration [6] . For the subsequent analysis, it is convenient to define a quantity M = 4πA that, as can be shown, is the total mass of the shell. As is easy to show from Eq. (1), the conditions for the signs of σ in,out are
Everywhere below, we will consider the case where
in , and σ in = 1 in the entire spacetime region. At the same time, the sign of σ out can have any value. Squaring Eq. (1) yields an expression of the form
The total mass of the entire system m out , which is conserved with time, appears on the left-hand side of this expression. Following the earlier papers [11] [12] [13] , we will define this mass as the Hamiltonian of our system H (see also [14] , where a slightly different model was considered). Let us make the change of variable x = M ρ in Eq. (4) (see [11-13]) . The Hamiltonian will then take the form
Given Hamiltonian (5), we calculate the Lagrangian of the system under consideration and then the canonical momentum
Let us now write Hamiltonian (5) in terms of the canonical momentum (7) . For this purpose, we will find the variableẋ from Eq. (7) and substitute it into Hamiltonian (5). As a result, the dependence of the Hamiltonian on the coordinate x and canonical momentum p will take the form
Let us write the wave equation Hφ(x) = m out φ(x), using a standard commutation equality of the form [p, x] = −i and the identity
As a result, the wave equation will be written as
where E = (m out − m in )/M . The wave equation (10) differs from the standard Schrodinger equation in that this is not a differential equation but a difference one.
This is because the quantization is performed over the proper time of an observer on the shell and not over the time of an observer at infinity. If we represent the exponential as a series, then we will obtain an infinite order differential equation. Consequently, this equation should be supplemented by infinite boundary conditions. These were found in [12] and, in our case, are
It should also be required that the wave functions do not diverge at spatial infinity.
The solution of the wave equation can be expressed in terms of Meixner polynomials (see, e. g., [12] ) that satisfy the equation
where
, and µ and γ are some constants. We will solve the wave equation (10) in an explicit form by reducing it to an equation of form (12) . To begin with, let us make the coordinate transformation x → −ix which means the rotation through −π/2 in the complex plane. In this case, Eq. (10) will take the form
. (13) First, consider the simple case where m in = Q in = 0.
The solution of Eq. (13) can then be expressed in terms of Meixner polynomials and is
Γ(x) is the gamma function, and C(x) is a periodic function with a period of 1. Let us expand the periodic function C(x) into a Fourier series:
Exactly the same factor appears in the solution of the wave equation if we pass from the coordinate representation to the momentum one [13, 16] . The coefficients c k can be found from the boundary conditions to the wave equation (11) . It is easy to show that the wave functions φ n (x) are orthogonal in the following sense. If we set x i = x and x i+1 = x i + 1, then we can write the following sum using the properties of Meixner polynomials:
where the weight function ρ(x) = 1/[xC 2 (x)] and
It follows from Eq. (17) that the wave functions φ n (x) at n = m are orthogonal, provided that 0 < β < 1 [15] .
These wave functions are easy to modify in order that they also be orthonormal.
The discrete mass spectrum E n corresponding to the wave functions φ n (x) in the form of Meixner polynomials [15] satisfies the simple equation
As a result, for the sought for mass spectrum we find
The hydrogen-like mass spectrum found generalizes the result obtained previously in [11] and coincides with the result of [13, 16, 17] , where it was obtained by a different method. A discrete mass spectrum takes place if E n < 1. If, alternatively, E n > 1, then a continuous mass spectrum will take place [14] . Note that, in accordance with Eq. (19) for the mass spectrum, the total gravitating mass of the metric m out turns out to be lower than the classical "bare" value of M due to the quantum corrections, as it must be for a gravitationally bound system.
we can write a condition for the applicability of the semiclassical approximation.
Indeed, in this case, there exists a minimum value of the quantum number,
, where "[ ]" denotes the integer part, for which the semi-classical approximation will definitely hold at n ≫ n min . In the case, where the opposite inequality (M 2 − Q 2 out ) 2 /4 < 1 holds, the semiclassical approximation is applicable at any n.
To write the solution of the original equation (10), the inverse change of variable x → ix should be made. As an example, let us write out the first several polynomials:
When the requirement that the wave functions be finite at infinity is fulfilled, the constants c k = 0 will be zero for all k < 0. The remaining constants of integration can be easily found from the boundary conditions at the coordinate origin. This was done in [13, 16] for n = 1, and we will not give them here. Making the change E = cos λ, the solution can be represented as φ(x) n = P n (x) exp(−λx)C(x), where P n (x) are some polynomials of degree n [13] .
In the extreme case, where m out = Q out , the spectrum degenerates (does not depend on n) and E = 1. The absence of such an extreme state in the quantum spectrum is in complete agreement with the analogous result for the mass spectrum of a Reissner-Nordström black hole [18] .
This result can be interpreted in terms of the postulated third law of thermodynamics for black holes, according to which the extreme state of a black hole is unattainable.
At the quantum level, this means that the transitions (decays) of a black hole to the extreme state are impossible [19] [20] [21] . Note that the formal solution of the wave equation (13) in the extreme case is
where C 1 and C 2 are periodic functions with a period of 1. These periodic functions can be expanded into Fourier series to give
where we made the inverse transformation x → ix and took into account the boundary condition at infinity. All of the unknown coefficients c k and d k can be found using the boundary conditions (11).
The case where M 2 ≤ Q 2 out may be considered. In this case, σ in can take on two values: σ in = ±1. For radii ρ < (Q This transformation means the rotation through π/2 in the complex plane. Equation (10) will then be rewritten as
The latter equation can also be expressed in terms of Meixner polynomials [15] and its solution is
and C(x) is also a periodic function with a period of 1.
This function can be similarly expanded into a Fourier series. Let us write out the first two polynomials:
. (25) If, as above, we set x = x i and x i+1 = x i + 1 and sum the wave functions with the weight
then the above polynomials will be orthogonal [15] :
Making the inverse change of variable x → −ix we ultimately obtain the polynomials
It is easy to show that at γ = 0, i.e., at m in = 0, solution (29) of the wave equation will be transformed into solution (20) . The discrete mass spectrum is now specified by the equation
The mass spectrum was found to be imaginary, because Hamiltonian (5) will no longer be Hermitian at m in = 0.
There exists one degenerate case where the spectrum is real: at E 2 n = 1 and M 2 − Q 2 out + 2m in Mβ = 0. From these two equations we obtain the conditions for the parameters of the problem under which the mass spectrum is degenerate and real:
out . This limiting case represents the transition from the discrete mass spectrum to the continuous one. To make the Hamiltonian Hermitian at m in = 0, it is necessary to make the change of opera-
, which, in our case, corresponds to the change
After this change of operators, the wave function for the Hermitian Hamiltonian is 
We will seek a solution of Eq. (34) in the form φ(x) = φ 0 (x) + M y(x). In the zeroth order in small parameter M , the wave equation will be reduced to a simple difference equation
whose solution is
where the quantities β andβ are defined by Eqs. (15) and (23), respectively, while the functions C 1 (x) and C 2 (x)
are periodic with a period of 1.
In the first order of smallness, the function y(x) satis-fies the equation
x +β
Here F (x, 1, 1 + x, β 2 ) and F (x, 1, 1 + x,β 2 ) are the hy- 
which follows from the time-dependent Schrodinger equa-
The general solution (35) 
